Introduction
The purpose of this paper and its sequel is to give an algebraic model for the homotopy theory of spaces, equipped with an action by a fixed group G, whose homotopy groups vanish in degree 3 and higher. In the non-equivariant case, there is a well-known equivalence between the homotopy category of pointed connected CW-complexes (X, x,,) whose homotopy groups rr;(X, x,,) vanish for i 2 2 (i.e., homotopy l-types) and the 'homotopy' category of groups. Already in the late forties, Mac Lane and Whitehead proved that there is a similar equivalence between pointed connected CW-complexes (X, x,,) such that ri(X, .K,)) = 0 for i 2 3 (homotopy 2-types) and crossed modules It takes some effort to generalize these results to spaces with a group action. One reason is that for this equivariant case, the context of pointed connected spaces is much too restrictive. Indeed, the homotopy groups of a G-space X are the homotopy groups of the fixed-point sets XH (for all sub-groups H), as in [3] , (81, etc. So the pointed-connected assumption comes down to requiring that the action of G on X has a fixed point x,, E X", and that all fixed-point sets X" are connected.
Thus as a first step towards a useful generalization to G-spaces, one needs to find a good (sufficiently functorial) generalization of the classical nonequivariant results, without assuming connectedness and the choice of a basepoint.
For the case of l-types, it is well known that such a generalization is obtained by replacing groups by groupoids; i.e., categories in which all arrows are invertible.
(For a useful survey of groupoids in topology, see [4] .) From this correspondence between l-types and groupoids, one can then obtain an equivalence of homotopy categories between equivariant l-types and groupoid-valued functors on a suitable orbit category [18, 28] .
For the case of 2-types, there are several possibilities.
We chose to use a classical generalization of the notion of category involving some 2-dimensional aspects, namely the notion of a so-called 2-category (this goes back to Ehresmann's work of the late fifties; standard references include [2, 11, 12, 16] ). The 2-categories with invertible arrows (both arrows of dimension 1 and arrows of dimension 2) are the so-called 2-groupoids. These 2-groupoids relate to crossed modules as ordinary groupoids relate to groups: a group is a groupoid with exactly one object, and a crossed module is a 2-groupoid with exactly one object. We will show that the Mac Lane-Whitehead equivalence can now be generalized to an equivalence between on the one hand the homotopy category of spaces X such that n,(X, x) = 0 for i 2 3 and for any choice of base-point
x E X, and on the other hand the homotopy category of 2-groupoids. This equivalence is completely functorial and explicit, and generalizes to diagrams of spaces, respectively of 2-groupoids.
We will combine this result for diagrams with the known equivalence between G-spaces and diagrams of spaces indexed by the orbit category B(G) of the group G; see [10, 13] . This will result in an equivalence between equivariant homotopy 2-types and diagrams of 2-groupoids over the orbit category.
Mac Lane and Whitehead [20] also proved that a pointed connected 2-type (X, x,,) can be reconstructed up to homotopy from the fundamental group r,(X, x0), the Z-,(X, x,,)-module _rr? (X, x,,) , and a cohomology class in H' (r,(X, x0) . n? (X, x,,) ). In a sequel to this paper, we will prove an analogue of this result for G-spaces: A G-space X with r,(X", x) = 0 for all subgroups H c G, all x E XH and all i 2 3 can be reconstructed from the fundamental 'group' r, (X) which is a diagram of groupoids indexed by the orbit category (as in [7] , [8, p. 741, [23] , and others), the second homotopy group rl(X) which is a n,(X)-module in cqutvartant nomotopy r-types 18Y an appropriate sense, and a class in HL(K&r,(X), l), n?(X)); the cohomology group here is Bredon cohomology of the equivariant Eilenberg-Mac Lane space &(m,(X), 1) with coefficients in the twisted coefficient system Z-~(X). Twisted Bredon cohomology was introduced in [23].
The plan of this paper is briefly as follows. In the first section, we will give a short review of 2-groupoids: the material in this section is pretty standard, except perhaps our Theorem 1.2 which shows that the category of 2-groupoids supports the structure of a closed Quillen model category. In the second section, we will first give a folklore construction which associates to each 2-groupoid & a simplicial set N&, its 2-dimensional nerve. (General 'higher-dimensional nerves' are discussed in [27] .) We construct a left adjoint for this nerve functor from 2-groupoids to simplicial sets (Theorem 2.3), and prove that this adjunction restricts to an equivalence between homotopy 2-types and 2-groupoids (Corollary 2.6). In Section 3 we discuss a closed Quillen model structure on the category of diagrams of 2-groupoids, and in Section 4 we generalize the adjunction and the equivalence of homotopy categories proved in Section 2 to diagrams of 2groupoids and homotopy 2-types of diagrams of spaces (cf. Corollaries 4.3 and 4.6). In the fifth and final section of this first part, the results will be shown to imply the equivalence of homotopy categories between equivariant 2-types and diagrams of 2-groupoids indexed by the orbit category 5.1).
homotopy (Theorem

Two-dimensional groupoids
Recall that a groupoid is a category in which all arrows are invertible. A 2-dimensional groupoid (briefly 2-groupoid) is a groupoid J&! in which there are also (invertible) deformations, or 2-cells, between the arrows, as in 
Examples.
(1) Any ordinary groupoid G can be viewed as a 2-groupoid, with only identity deformations.
(2) Let X be a topological space, let Y c X be any subspace and let S c Y be a set of ('base'-)points.
The (3) Recall that a crossed module is given by two groups M and P, a left action of P on M (denoted by *) and a homomorphism a : M + P, such that the identities d(n) * m = nmn-' and a(p*m)=pa(m)p-' hold. It is well known that a crossed module is exactly the same thing as a 2-groupoid with only one object. (This observation is attributed to Verdier in [6]; it is the 2-dimensional analogue of the fact that a group is a groupoid with one object.)
Let us briefly indicate one direction of this correspondence, say from crossed modules to 2-groupoids: Given a crossed module as above, P is the underlying group(oid) of a 2-groupoid with deformations from p E P to q E P those y1 E M with a(n)p = q. Vertical composition is multiplication in M. Horizontal composition is 'twisted product': if n : p 3 q and m : r 3 s, then their horizontal composite m 0 n : rp + sq is m(r * n). In this context, we should also mention that, analogous to this correspondence between 2-groupoids with one object and crossed modules, the classical notion of a 2-groupoid is closely related to that of a 'crossed module over a groupoid' introduced by Brown and Higgins [5] .
For two 2-groupoids ti and 3, a (strict) homomorphism cp : d+ 9 is a function sending the objects, arrows and deformations of ~4 to those of 93, such that all the structure is preserved.
In particular, the restriction of cp to objects and arrows is an ordinary functor I/(&!) + U(B) of underlying groupoids; and for any two objects A and A' of ~2, the restriction of cp to arrows A+ A' and deformations between them yields an ordinary functor &(A, A')-+ B((pA, PA'). The 2-groupoids and homomorphisms form a category, written (2-groupoids). A transformation T between two homomorphisms cp,+ : sz-93 is given by an arrow rA : cpA+ $A for each object A of &, such that for any two objects A,A' the following diagram of (ordinary) groupoids and functors commutes: We shall now prove that the category of (small) 2-groupoids supports a closed model structure in the sense of Quillen [24] , with the weak equivalences, fibrations and cofibrations defined as follows.
A homomorphism cp : d+ 93 of 2-groupoids is called a weak equivalence if it satisfies the following two conditions:
(i) for every object B of 3 there exists an object A of & and an arrow cp(A)+ B;
(ii) for any two objects A,A' in &, cp induces an equivalence of categories (groupoids) (Recall that the second condition means that for any objects A and A', any arrow cpA* cpA' can be deformed into an arrow in the image of cp, and moreover for any two arrows f,g : A-+ A' in &, cp induces a bijection between deformations f+ g and deformations qf+ cpg; see [19, p. 911 .) With T, (i = 0,1,2) defined as above, this notion of weak equivalence is similar to the usual topological notion. Indeed, one readily verifies the following: Furthermore, a homomorphism cp : d+ 93 is often called a cofibration if p has the left lifting property (1.l.p.) with respect to all trivial fibrations; that is, if for any commutative solid square of the form
where $ is both a fibration and a weak equivalence, there exists a diagonal making both triangles commute.
(A more explicit description of the cofibrations is given in the remark below.) Theorem 1.2. With weak equivalences, jibrations and cofibrations thus defined, the category of 2-groupoids has the structure of a closed Quillen model category.
Proof. We use the axioms CMl-5 as stated in [26, p. 2331 . Axioms CMl-3 are trivially verified. (For CMl, limits of 2-groupoids are constructed as limits of sets, and colimits are constructed by 'generators and relations.) Next, we consider the factorization axiom CM5. To factor a homomorphism as a cofibration followed by a trivial fibration one can use a 'small object argument', since a homomorphism is a trivial fibration iff it has the right lifting property with respect to each of the following four maps:
Here the 'interval' 9 is the groupoid with two distinct objects 0 and 1 and one isomorphism between them, while 9; is the 2-groupoid freely generated by two distinct objects 0 and 1, two distinct parallel isomorphisms f,g : O-1, and i deformations from f to g:
To factor a homomorphism as a trivial cofibration followed by a fibration, one uses an analogue of the mapping fibration, together with a certain free resolution. This mapping fibration is constructed as follows. The homomorphism rr is a fibration, while 77 is a weak equivalence (& is a 'deformation-retract' of 93/(p). Call a homomorphism y : d-93 a quasi-cofibration if y is injective on objects and on arrows.
Thus r] in (1.8) is a quasi-cofibration. We claim that any quasi-cofibration y can be factored as a cofibration followed by a trivial fibration, as in (1.9
The 2-groupoid Free,,(g ) in (1 .Y) . IS constructed as follows. First, let Free(B) be the free groupoid on the underlying graph (Arrows (93))Objects(%)) of 33; and let V be the groupoid obtained from Free(B) by factoring out the relations coming from composition of arrows in .&. Thus there are evident functors of
Next, let Free,(%) be the unique 2-groupoid with underlying groupoid V and 'the same' deformations as 3' (that is, a deformation f+ g in Free,(s) is by definition a deformation p(f) 3 p(g) in 3 ). Then there are evident homomorphisms of 2-groupoids as in (1 .Y) , and p is a trivial fibration. By freeness, i is a cofibration; it is trivial when y is a weak equivalence.
Applying this construction to n in (1.8), one obtains a factorization of any given cp into a trivial cofibration i followed by a fibration rr 0 p.
Finally, axiom CM4 states that the cofibrations have the 1.1.~. with respect to the trivial fibrations, and that the trivial cofibrations have the 1.1.~. with respect to the fibrations.
The first half of CM4 is satisfied by definition.
The second half easily follows by the following explicit description of the trivial cofibrations. 0
Remark. Let cp : d+ 3 be any homomorphism.
In the factorization of cp as a trivial fibration p following a cofibration y obtained by the small object argument, the map y is a quasi-cofibration.
If cp itself is already cofibration, it follows that cp is a retract of y (see the left-hand square below); hence cp is a quasi-cofibration. In other words, cofibrations are injective on objects and arrows.
Next, by factoring cp as a free extension ti + Free,(%' ) followed by a trivial fibration p as in (l.Y), we find that cp is a retract of i (as in the right-hand square above). Thus, the cofibrations are exactly the quasi-cofibrations which are retracts of their free extensions. By the same argument, a similar description applies to the trivial cofibrations.
Remark. The interval-groupoid 9 (as in (1.7)) yields for each 2-groupoid d a where 'Ho' denotes the set of morphisms in the homotopy category Ho (2groupoids) obtained from the category of 2groupoids by inverting the weak equivalence.
The classifying space of a 2-groupoid
A 2-groupoid LZI can be viewed as a double groupoid (a groupoid in the category of groupoids). Thus one could define the geometric realization 9~4 of ti by first taking the double nerve NN& which is a bisimplicial set, and then realizing the diagonal to obtain a space:
For our purposes it is more convenient to use a different-but naturally homotopy equivalent-classifying space functor from 2-groupoids to simplicial sets (or to spaces), which we describe first.
For a 2-groupoid ~4. the (2-dimensional) nerve Nd is the following simplicial set. The vertices of N& are the objects of ~4, 1-simplices are arrows of ~4, and 2-simplices are diagrams of the form (i) W preserves products. (ii) For any simplicial set X, the 2-groupoid W(X) is cofibrant.
Proof. (i) is clear. For (ii), it suffices to observe that the underlying groupoid UW(X) of W(X) is free on the graph X, _ * X,, (cf. the Remark following the proof of Theorem 1.2). Finally, (iii) follows by the isomorphisms (2.6) and
(2.9). 0
Recall from (1.9) that we have constructed for each quasi-cohbration y : dl+ 93 of 2-groupoids a 'free resolution' ti -+ Free,(% ). In particular for ti = 0 this yield for each 2-groupoid %I a free resolution Free(%) together with a trivial fibration (as in (1.9)) (2.10)
Unravelling the definitions, one finds that WN(%) is exactly Free(%). We will prove that the homomorphism p : WN( 93 ) = Free(%I ) * %I is the counit of the following adjunction. is left adjoint to the nerve functor N.
Before giving the proof of Theorem 2.3, we deduce some immediate consequences: Define the category of (homotopy) 2-types to be the full subcategory of Ho(ssets) given by those simplicial sets with rr;(X, x,,) = 0 for any integer i > 2 and any basepoint x0.
Corollary 2.6. The functor N : Ho(2-groupoids) + Ho(ssets) is full and faithful, and induces an equivalence of categories between the homotopy category of 2-groupoids and that of 2-types.
Proof. For a 2-groupoid
& the counit of the adjunctions of Theorem 2.3 and Corollary 2.4 is the trivial fibration /_L : WNd = Free(&)-+ LZZ (cf. (2.10)); this is an isomorphism in the homotopy category, so N is full and faithful (cf. [19, p. 881) . For a simplicial set X, it follows from the triangular identities that the unit n : X-+ NWX yields a weak equivalence WX+ WNWX of 2-groupoids. But rTT,( WX) z n,(X) for i 2 2, and similarly for N WX instead of X. So the unit n : X+ NWX is a weak homotopy equivalence iff n,(X) = 0 for i > 2. 0
We now turn to the proof of Theorem 2.3. First we need the following strengthening of the Proposition 2.2(ii).
Lemma 2.7. The functor W preserves (trivial) cofibrations.
Proof. Each arrow of 6% occurs as a generator of Free,(%); in particular so do the generating arrows of 93, so there is a functor of groupoids j : UC% + U(Free,(B)) sending generators to generators. Since p is a weak equivalence, there is a unique way to extend j to a homomorphism j : 9 + Free,,(%) of 2-groupoids such that pj = id. Then also jy = i (because i comes from insertion of generators also).
Thus the map y is a retract of the cofibration i, hence is itself a cofibration. 0
Proof of Theorem 2.3. Fix a 2-groupoid -9e, and consider the homomorphism
We shall prove that for any simplicial set X and any homomorphism cp
there is a unique simplicial map F : X + Nd such that Al. 0 W(F) = cp (thereby showing that W is indeed left adjoint to N).
First we show that there can be at most one such F with p 0 W(F) = cp. Indeed by the nature of N(d), F is completely determined by its restriction to the 2-skeleton of X. But Sk,(X) embeds faithfully into W(X) as objects, generating arrows and generating deformations. So FISLZcXj is in turn determined by cp. This shows that there is at most one F : X-Nsd with /J 0 W(F) = cp.
It remains to show that for given cp : WX-+ d, there is a map F : X-Nd such that p W(F) = cp. To do this, we may without loss of generality assume that X is a Kan complex. Indeed, for an arbitrary simplicial set X we can find an anodyne extension e : X-+ Y into a Kan complex Y. Then poW(Goe)=+W(e)=p so G 0 e : X-+ Nd is the simplicial map F : X -+ d we are looking for. This shows that one may without loss assume that X is Kan, as we will do from now on. We define F by induction on the dimension of the simplices in X. A vertex x E X,, is also an object x of W(X), and we let F,(x) = q(x) E d,). A l-simplex x E X, is also an arrow d,x+ d,,x in WX, and we let F,(x) = p,(x). A 2-simplex x E X, represents a deformation d,x C& (d,,x) 0 (d?x) in W(X), and we let F2x = 'pg. To complete the definition of F, it remains to show that a 3-simplex in x gives a commutative tetrahedron in W(X), which is easy. We claim that for the simplicial map F : X+ Nd thus defined, /.L 0 W(F) = 9. At the level of underlying groupoids this is clear, since UW(X) is free on X, 3 X,, (cf. (2.8)), while p 0 W(F) and cp clearly agree on generators. The case of deformations is more complicated, and it is here that we will use that X is Kan. Since U( W(X)) is free on X, s X,,, each arrow in W(X) can uniquely be represented by a shortest word in the letters of the form x or x-' (for x E X,), or This sum is at least 2, but we can assume the minimal case to be 3 since we can always compose f with an identity arrow s(u). So consider the case where the sum is 3, say e.g. f = xym' and g = z for x,y,z E X, (the other cases are similar, of course). Since X is Kan, cx is represented by a 5 E X, with d,,< = z, d,.$ = x, d25 = Y, and it is clear that /.L 0 W(F)(S) = cp( 5). Suppose we have shown that p 0 W(F) = cp on deformations between all words with a sum of lengths small than that of f,g. Suppose length(f) + length(g) > 3, and say length(g) 2 2. (If g has length 1, apply the same argument to ff -' : g+ f.) Then we can write e.g. g = hxy-' for a word h and x,y E X,. (The cases g is hxp'ym', hx-'y or hxy are similar.) Then since X is Kan, there exist a z E X, and < E X, as in the preceding diagram. Thus 50 h : g 3 hz is a deformation in W(X), and Z_L W(F)( 5) = cp( t) by the induction hypothesis (or rather by the case where the sum is 3, treated above), and hence also ~IV(F)( 50 h) = cp( 50 h). Let p = (50 h). cr : f 3 hz. Now hz is shorter than g, so by induction hypothesis pW(F)( p) = cp( p). Since both I_L 0 W(F) and cp are strict homomorphisms, it follows that pIV(F)(( 50 h)* . p) = cp(( <oh)* . p); that is, /.~w(F)(a) = (p(a), as was to be shown. By induction, Z.LLW(F) = cp on all deformations, and the proof of Theorem 2.3 is complete. 0
Diagrams of 2-groupoids
Let Z be a fixed small index category. We write (I-2-groupoids) for the category of Z-indexed diagrams of 2-groupoids; that is, functors Jo'+ (2-groupoids). Such a diagram is given by a 2-groupoid a(i) for each object i from the index category I, and a homomorphism U* = a(u) : sd( j) + d(i) for each arrow u : i+ j in Z (such that the usual identities U*U* = (vu)* and id* = id hold). A map cp : d -+ 95' between two such diagrams is given by a homomorphism q(i) : d(i)-LB(i) for each i, such that cp(i)u* = u*cp( j), for any u : i+ j in I. Indeed, by the adjunction between the functors j! and j*, a map of diagrams is a fibration iff it has the r.1.p. with respect to the maps j,(a,,) : j,(9)+ j! (9) where j ranges over the objects of the index category I; here 9 is the interval groupoid (as in Section 1) while 9 is the 2-groupoid freely generated by three objects 0,1,2, three arrows a, : l+ 2, a, : O+ 2 and d, : O-+ 1, and one deformation a, + aoaZ; furthermore, a, :
where f is a fibration and u is a cofibration. If f is also a weak equivalence then a dotted diagonal filling exists by definition of the cofibrations. And if u is a weak equivalence, we first use the small object argument to factor u = pu where p is a fibration and u is a trivial cofibration which has the 1.1.~. with respect to all fibrations.
Since u and u are weak equivalences, so is p. Hence by filling the diagonal in the diagram we find that u is a retract of u. Therefore since u has the 1. Indeed,
Next, for a category % as above, we consider graphs in 8. A graph here is a reflexive directed graph; i.e. a diagram in % of the form X=(X$-X,,). A,-B,, and B, U,,, A, + B , to construct successively diagonals in the following to squares:
(+) Suppose f : A + B is a cofibration. To see that A,,* B,, is projective, suppose p : D + E is any epimorphism in 8, and consider the 'simply connected' graphs D=(DxD~ D) and E=(ExE 3 E). Then p induces a surjection 6-+ l?, and a diagonal in the left-hand diagram below exists in 8 iff a diagonal exists on the right in the category Graph( %):
Since by assumption f is a cofibration of graphs, it follows that f ,, : A,,+ B,, is projective.
Next , to see that B,, UAo A, + B, = (B,, x D x B,, 3 B,,) , E' = (B,, x E x B,, s B,,) .
The structure maps for D' are the projections  7~~ and 7r3 : B,, X D X B(,-+ B,,, and the map s, = (1, g, 1) : B,,-+ B,, x D x B,,. Those for E' are the analogous projections and the map sE = (1, ks, 1) = (1, pg, 1) : B,--+ B,, X E X B,, (3.10)
B-E' Ill
where 'po = A, and 'pl = (d,,f,, h, d, f,) , while & = id : B,,+ 4, and 9, =  (d,,, k, d,) . A diagonal in (3.10) yields a diagonal in (3.9).
This proves the lemma. 0
We now specialize to the case where % = Sets"" is the category of I-indexed diagrams of sets. So a 2-groupoid (or graph) in % is a diagram of 2-groupoids (or graphs) indexed by I. For such a diagram of 2-groupoids ~4, we write U(a) for its underlying diagram of groupoids and G(d) for its underlying diagram of graphs; so G(d) is a graph in Sets'? Recall also from Section 1 the construction of a 'free resolution' & + Free,(%? )+ 3 for any quasi-cofibration y : A!+ 93. The same construction applies (pointwise) to diagrams of 2-groupoids, and we adopt the same notation here. 
Proof. (+)
Since retracts of cofibrations are again cofibrations, it will be enough to prove that if y : LZ+ 93 has the property that G(d)--+ G(s) is a cofibration of graphs (so in particular y is itself a quasi-cofibration) then &+ Free,(%) is a cofibration of I-2-groupoids. To this end, suppose p : C?+ 22 is a trivial fibration of I-2-groupoids, and consider a commutative solid square (3.11) Since G(B) is contained in the underlying graph of Free,(B), the square (3.11)
gives a square of graphs as on the left of (3.12):
(3.12)
Since p is a trivial fibration of I-2-groupoids, the associated map of underlying graphs GCY+ GE is a surjection.
So there exists a diagonal in the left-hand square in (3.12). By freeness, one then obtains a diagonal at the level of underlying groupoids as on the right of (3.12). And finally since p : ?I+ L?f is bijective at the level of deformations, this right-hand diagonal U(Free,%)+ U9
can be uniquely extended to a diagonal homomorphism Free, 3 + 3 in (3.11)) as required. 
Diagrams of spaces
In this section we will work simplicially. As before, Z denotes a fixed small index category. The category (I-ssets) of Z-indexed diagrams of simplicial sets has as objects contravariant functors from Z into simplicial sets, and as arrows the natural transformations between such functors. Thus a map f : Y+ X in (I-ssets) is given by a map of simplicial sets f(i) : Y(i)-+ X(i) for each object i E I, natural in i. Such a map f : Y + X is said to be a fibration, respectively a weak equivalence, if for each index i E I, the map f(i) : Y(i)+ X(i) is a Kan fibration, respectively a weak homotopy equivalence between simplicial sets. Furthermore, a map f : Y+ X of diagrams is said to be a cofibration if it has the left lifting property with respect to all the trivial fibrations. We recall the following wellknown result: The results from Section 2 now generalize immediately to diagrams: On the left of (4.3), the square brackets refer to homotopy classes of maps f : Y+ X of Z-diagrams of simplicial sets (the homotopies H(i) : A[l] X Y(i)+ X(i) have to be natural in i E I also). On the right the square brackets denote equivalence classes of homomorphisms between I-2-groupoids; two such homomorphisms are equivalent if there is a natural transformation between them. Define the category of I-2-types to be the full subcategory of Ho(l-ssets) given by those diagrams of simplicial sets X with the property that r?(X(i),
x,,) = 0 for any n > 2, any index object i E I and any vertex xg E X(i),,.
Corollary 4.5. The functors W and N induce an equivalence of categories between
Ho(Z-2-groupoids) and (I-2-types). 0
Equivariant 2-types
Let G be a fixed group. The category of G-equivariant homotopy 2-types, or briefly (G-2-types) , is the category with as objects the G-CW-complexes X with the property that rj(XH, x) = 0 for any subgroup H c G, any base-point x E XH and any i 2 3, and as arrows the G-homotopy classes of G-maps between such G-CW-complexes. We will write B(G) for the orbit category associated to G. It is the category of left G-sets of the form G/H for any subgroup H c G, and all G-equivariant maps between them. The aim of this section is to show that the previous results imply the following theorem: Proof. First observe that @ sends each transitive G-set G/K to the representable 6( G)-set Horn B(G.)(-, G/K), which 1s a projective object in 6(G)-sets. Since @ preserves sums and any G-set is a sum of transitive G-sets, it follows that @ sends an arbitrary G-set A to a projective object @(A) in the category of B(G)-sets. Finally, if u : A+ B is an injective map of G-sets, then the complement A' = B -u(A) is a G-set and B g A + A'. Hence Q(u) is isomorphic to the inclusion of a summand @(A) 9 @(A) + @(A'). This is a projective map since @(A') is a projective object (cf. (ii) in Section 3). 0 A G-graph (respectively an B(G)-graph) is a graph in the category of G-sets (respectively of 6(G)-sets).
The following lemma is an immediate consequence: H, +. . .-G/H,, x E X(G/H,,) ,, /H,,) ;
(5.6) the simplicial structure in the p-coordinate is obtained from that of the nerve of 6(G), together with the action of 6(G) on X; the simplicial structure in the q-coordinate comes from the simplicial structure of X. (In other words, g(X) is a two-sided bar construction, cf. e.g. [22] .) The group G acts on such (p, q)simplices as in (5.6) by multiplication in the last coordinate 5 E G/H,,. As stated, the functors S in (5.2) and 8 in (5.6) (5.8)
Below, we will also discuss an alternative 
